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Introduction
Astrophysical data show that the equation of state parameter lies around ω = −1, quite likely being below of this value [1] , leading to a (super) accelerated universe which may be assumed to be dominated by a phantom fluid, i.e., a fluid for which the dominant energy condition is violated [2, 3] . This description of the universe may contain finite-time future singularity, accompanied with divergence of dark energy density, called Big Rip [2] . Depending on the phantom potential, this model may also lead to universes expanding for ever, e.g., universe tending to a de Sitter space time [4] . Thermodynamics of the expanding universe has also been the subject of several studies [5, 6, 7, 8, 9, 10, 11, 12, 13] . Phantom thermodynamics looks leading to negative entropy of the universe [14] or to appearance of negative temperatures [15] . In accelerated expanding universe, besides the normal entropy, a cosmological horizon entropy can also be considered. One can investigate the conditions for which the generalized second law of thermodynamics (GSL) holds [8, 9] . In these cases GSL asserts that the sum of the horizon entropy, and the normal entropy of the fluid is an increasing function of time. In [8] the change in event-horizon area in cosmological models that depart slightly from de Sitter space was investigated, and using the dominant energy condition it was shown that the area and consequently the (de Sitter) horizon entropy are non decreasing functions of time. In the presence of a viscous fluid, there was found that GSL was satisfied provided that the temperature of the fluid was equal to or lower than de Sitter horizon temperature, T dS = H/(2π), where H is the Hubble parameter. In [11] the generalized second law for two specific examples of phantom dominated universe was discussed. In the first example it was shown that for a time independent parameter of state, the total entropy is a constant.
In the second example using a power law potential and the slow climb approximation, it was shown that GSL was satisfied. In the absence of a well defined Hawking temperature for cosmological horizon, the temperature of the phantom fluid in [11] was assumed to be the same as the de Sitter temperature.
The phantom universe, has a future event horizon (cosmological horizon), R h . In this model the dominant energy condition is violated, so we expect that the horizon entropy, in contrast to the model discussed in [8] , decreases with time.
In this paper we consider the phantom dominated era, and prove that the future event horizon area is a non-increasing function of time. It is shown that one necessary condition for satisfying GSL is positivity of the temperature. If the temperature is assumed to be proportional to the de Sitter temperature [8] 
an inequality in terms of Hubble parameter, H, the future event horizon, R h , and the parameter b, will be obtained. By solving this inequality one can determine the dynamics of R h , H, and also the range of b. We show that GSL is satisfied for a wide range of models, provided that 0 < b ≤ 1. At the end, two specific examples are used to emphasize our general results. We use the units = c = G = k B = 1.
Phantom thermodynamics
The spatially flat FRW universe in comoving coordinates (t, x, y, z), is described by the metric
The relative expansion velocity of the universe, in terms of the scale factor a(t), is given by the Hubble parameter H =ȧ/a. The over dot indicates derivative with respect to the comoving time t. We consider the era when dark energy is dominated and assume that a phantom field, φ, is the only form of matter in the Einstein equations:
The energy density ρ, and the pressure P of the phantom fluid with the potential V (φ) are given by
Depending on the form of the potential V (φ), different solutions such as asymptotic de Sitter, big rip, and so on may be obtained [4] . The fluid state parameter ω is defined by P = ωρ. In terms of Hubble parameter we have
For a phantom fluid, the dominant energy condition, P + ρ > 0, is violated (Ḣ > 0) and ω < −1. We assume that a(t) → ∞ when t → t s , so the scale factor will diverge for a future value on the world time: t s . The radius of the observer's (future) event horizon is
Using (6)one can see that R h satisfies the following equationṡ
For de Sitter space time, t s = ∞, R h = 1/H, and the eq. (7) continues to hold. Theorem: R h is a non-increasing function of time,Ṙ h ≤ 0. Proof: We haveḢ ≥ 0, thereforeä ≥ȧ 2 /a. This inequality can be integrated from t to t s
Suppose that 1 a(ts) is bounded from below by a positive number ǫ. In our (super)accelerating model of universe,ä > 0 yields
But (11) conflicts with the assumption of having a future horizon (6) . Therefore 1/ȧ(t s ) = 0, and using (9), we obtain HR h ≤ 1. Using this result and (7), we arrive atṘ h ≤ 0. The future event horizon area is 4πR 2 h . We assume that this horizon area represents a true contribution to the total entropy. The corresponding entropy is proposed to be [11] S
In this wayṠ h = 2πR hṘh which is negative and shows that S h decreases with time. This is in contrast to the assumption of [16] , upon which it was argued that the holographic dark energy has no phantom-like behavior. The entropy of the phantom fluid inside the cosmological horizon of a comoving observer is related to the energy and the pressure via the first law of thermodynamics
In terms of H this law can be written as
Using V = 4 3 πR 3 h and H 2 = (8π/3)ρ, we obtain
which using (7), infers
For phantom fluidḢ > 0,Ṡ > 0, provided we take T > 0. GSL states that the sum of the ordinary entropy and the horizon entropy cannot decrease with timė
In our model this law yieldsḢ
Note thatḢ > 0 andṘ h < 0, so the condition that the generalized second law to be satisfied is T > 0. If the temperature is taken to be T = bH 2π , GSL results
For a de Sitter space-time R h = 1 H , which results b ≤ 1, so we expect that in a phantom model which is small perturbed around de sitter space the fluid temperature is equal to or less than the de Sitter temperature.
If the total entropy is increasing in the universe expansion,
equation (18) 
For b = 1, we must have (HR h) > 0, or using (7)
HereṘ h is an increasing negative function of time. WhenṘ h → 0 − , R h tends to the hubble radius 1/H (see equation (7)). Now let us assume that the expansion of the universe is a reversible adiabatic process such thatṠ +Ṡ h = 0.
From (18) we obtain HR b h = λ where λ is a constant. For b = 1, using (7), this resultsṘ h = λ − 1 and using the fact that R h (t s ) = 0, for λ = 1, we obtain
Note thatṘ h < 0, therefore λ < 1. ω is given by If we take t s = ∞, R h becomes infinite as claimed in [7] . If λ = 1, the space-time is de Sitter, R h = 1 H and ω = −1. For b = 1, (23) and the first equation of (7) lead to the following equatioṅ
with solutions satisfying 
Examples
To illustrate our general results, let us consider two examples. As a first example consider the phantom universe of pole-like type
t ≤ t s and n > 0 is a positive real number. a 0 is a real positive constant. H > 0, and ω = −1−2/(3n) < −1 is a time independent constant. In this model HR h = n/(1+n), andṘ h = −1/(n+1) < 0. This is consistent with the theorem imposed after the eq. (7). Following the discussion after the eq.(23), and by taking λ = n/(n+1), this model corresponds to a reversible adiabatic expansion of an universe with the phantom temperature T = H/(2π) in agreement with the results of [11] .
To show the role of the parameter b in validity of GSL, as an another example, consider the model
where a 0 and n are two positive real constants. In this model
The conditionḢ > 0 is satisfied when t s < 2t. ω is time dependent
When 2t > t s , i.e., in phantom dominated era, we have ω < −1.
In this model the future event horizon is
where x := t s /t, 1 < x < 2. We havė
Note that from the above equation one can show thatṘ h < 0, in agreement with our previous results. This can be verified by considering that for x < 2 we have
Which can be verified by noting the integrands satisfy the above inequality for all u belonging to [1, 2] . If the generalized second law is respected, we must have (H c R h) > 0, where c := 1/b. This condition can be written as
For 1 < x < 2, n > 0, and c > 0 (which follows from the discussion after the eq. (18)), we have (n − c)x 2 + 2cx > 0, therefore, (35) reduces to
The right side of the above inequality can be written as a definite integral
which can be rewritten as
A := (c − 1)(c − n), B := n(c − 1) + c − 2c 2 and D := 4c 2 − 2c. If for all u in the interval u ∈ [1, x] ⊆ [1, 2], q > (<)0, then the inequality (34) holds (does not hold). At u = 1, q(u = 1) = (c − 1)(n + c) and at u = 2, q is negative: q(u = 2) = −2c. Therefore a necessary condition for validity of GSL is that q must have two roots such that at least one of them lies in [1, 2] . Otherwise q will be negative in this interval.
If n and c satisfy
q has two roots. For A > 0, q has a root 1 < r < 2 at r = (−B − √ B 2 − AD)/A, provided that c > 1. The other root takes place at r ′ = (−B + √ B 2 − AD)/A > 2. For A < 0, q has a root at 1 < r = (−B − √ B 2 − AD)/A < 2, provided that c > 1. The other root takes place at r ′ = (−B + √ B 2 − AD)/A < 1. In these cases we have q(u = 1) > 0, hence q is positive for all values of u satisfying 1 < u < r and negative for all values of u in the interval r < u < 2. For c < 1, neither of the roots of q lies in the interval [1, 2] and the sign of q is negative.
For A = 0 (in this case q(u) is a line), we have either c = 1 or c = n. For c = 1, q(u = 1) = 0 and q is negative in (1, 2] . When c = n, we have q(u = 1) = 2c(c − 1) and q(u = 2) = −2c, so if c < 1, q will be negative in [1, 2] .
Using these results we conclude that q has a root in [1, 2] , provided that c > 1. Other values of c lead to negative values of q for all u ∈ [1, 2]. Therefore T < H/(2π) is a necessary condition for validity of GSL.
Despite the above result, c > 1 is not an enough condition for validity of GSL, specially in the early period in which the phantom became dominated as is illustrated in fig.(2) . Using our arguments we can only claim that in the period 1 < x < r, (in an interval before the big rip)the GSL holds. But note that for large c or large n we have r ≃ 2, and GSL is applicable approximately in the whole region of the interval [1, 2] . 
